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Abstract. The lateral response, energetics and stability of the cable-guided hoisting system that 
differs from the rail-guided, such as elevator systems, is investigated in this paper. While the 
equations of motion are established by Hamilton's principle, the boundary conditions are obtained 
to calculate the natural frequencies with the modified velocity of wave propagation. Then, the 
governing equation is transformed into a set of ordinary differential equations through the 
Galerkin method and the rate of change in the energy is derived from the control volume 
viewpoint. The system frequencies, response of each order and energy characteristics are 
analyzed. The results show that the system frequencies first decrease, and then increase with the 
increase of the length and demonstrate that the modified velocity of wave propagation is 
reasonable by comparison of three approaches. The presented method proves to be effective to 
obtain the response of each order. According to Lyapunov’s second method, the rate of change in 
the energy indicates the cable-guided hoisting system experiences stability and instability during 
downward and upward movements, respectively. 
Keywords: cable guide, lateral response, natural frequency, energetics and stability. 
1. Introduction 
Cables, due to their light weight and the ability to resist relatively large axial load, have been 
widely employed in diverse engineering applications including crane loading [1], suspension 
bridges [2], cable-driven parallel robots [3] and elevators [4, 5], along with mine hoisting [6], 
however, they are subjected to the vibrations caused by the external excitations for their high 
flexibility. Particularly, in the typical sinking winch mechanism [7], as shown in Fig. 1(a), cables 
play a vital role not only in hoisting but also in guiding. The mechanism used to sink the vertical 
shaft is composed of winches, head sheaves, a derrick, a hoisting bucket, a construction platform 
and three main types of cables: suspension cables, guide cables and a hoisting cable, in which the 
platform is hung by two suspension cables and two guide cables while the bucket is held by one 
hoisting cable and supported by two guide cables. Since the lateral movement of the platform is 
completely restricted by self-locking of the wedge block, the majority of the mechanism can be 
equivalently modelled as the cable-guided hoisting system, which is shown in Fig. 1(b). The 
similar configuration is also adopted in mine hoisting (for example, skip or cage hoisting). An 
important feature of the system is that the length of the hoisting cable and the lateral stiffness of 
the guide cables are both of time-varying nature. Additionally, the tension in the guide cables 
should be properly designed to meet the safety and performance requirements. 
The longitudinal and lateral vibrations of hoisting cables have been studied by many 
researchers for decades. Chi and Shu [8] discussed the natural frequencies associated with the 
longitudinal vibration of an elevator system considering various boundary conditions. 
Kaczmarczyk [9] established the longitudinal model of the catenary-vertical hoisting cable system 
with a periodic excitation to analyze the passage through resonances. Ren and Zhu [10] 
investigated the longitudinal vibration of a moving cable-car system, in which the lower end of 
the cable is connected to the car through a spring and a damper. Zhu and Xu [11] studied the lateral 
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vibrations of stationary and moving cables using the taut string and tensioned beams with pinned 
and fixed boundaries. Zhu and Chen [12] conducted the challenging experiments on a novel scaled 
elevator to validate the theoretical predictions for the uncontrolled and controlled lateral responses 
of a moving cable in a high-rise elevator. Bao et al. [13] calculated the natural frequencies of the 
lateral vibration of elevator during downward and upward movements. Kaczmarczyk [14] and 
Zhang [15] analyzed the longitudinal-lateral coupled vibrations of cables subjected to the external 
excitations in the mine hoisting and elevator, respectively. However, the scope of above studies 
was limited to the cases with rigid guide rails. By contrast, this study concentrates on the lateral 
vibration of the cable-guided hoisting system. 
 
a) Sinking winch mechanism 
 
b) Schematic diagram 
Fig. 1. Cable-guided hoisting system 
Much research has made a contribution to the spatial discretization of distributed-parameter 
structures, such as cables, belts and beams. Meirovitch [16] first proposed the assumed modes 
method (AMM), which is usually used for spatial discretization of a cable, where trial functions 
satisfy geometric matching conditions. Wang et al. [17] used the AMM to obtain the lateral 
response of the cable-guided hoisting system by transferring the guide cables to the hoisting mass. 
Wang et al. [18] introduced the finite element method (FEM) to investigate the three-dimensional 
underwater vibrations of a geometrically non-linear cable with a weight at the lower end. 
Subsequently, Moustafa [19] and Du [20] applied the FEM to the dynamics of cables in overhead 
cranes and cable-driven parallel manipulators, respectively. Patera [21] first presented the spectral 
element method, which partitions a structure into elements and applies the spectral method on 
each element. Considering that the convergence is not in the strong sense in the above methods, 
recently, Zhu and Ren [22] developed an accurate spatial discretization and substructure method 
to calculate dynamic responses of one-dimensional structural systems, which consist of 
length-varying distributed-parameter components and lumped-parameter components. Although 
these methods can obtain the overall responses of the hoisting cable, it is necessary to analyze the 
response of each order in the cable-guided hoisting system so that one can observe the specific 
resonances, which is beneficial for the vibration control. 
A greatly amplified vibratory energy can be induced by a small disturbance in the hoisting 
cable, thus, several researchers have studied the energetics and stability, especially in elevator 
systems. Bao et al. [13] analyzed the stability of the hoisting cable. The elevator cable experiences 
instability and the natural frequencies increase during upward movement; whereas the opposite 
during downward movement. For different elevator operation conditions, Benosman [23] 
proposed several nonlinear controllers based on Lyapunov theory to stabilize the rope sway and 
illustrated the stability and performance of the controllers. Dai et al. [24] developed an active 
control strategy based on the fuzzy sliding mode control for controlling the large-amplitude 
vibrations of an extending nonlinear elastic cable. 
To address the lacks of research in the aspect of cable-guided hoisting system, the present 
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investigation focuses on the lateral response of the hoisting mass and the energy characteristics of 
the system and aims at obtaining the accurate response of each order. This paper is organized as 
follows. In Section 2, while the equation governing the lateral vibration of the cable-guided 
hoisting system is established by Hamilton's principle, the boundary conditions are obtained and 
used to calculate the natural frequencies with the modified velocity of wave propagation. Then, 
the governing equation is transformed into a set of ordinary differential equations through the 
Galerkin method. Section 3 derives the expressions of the energy and the rate of change in the 
energy. Section 4 presents the frequency and energy characteristics by comparing with the 
rail-guided hoisting system and analyzes the response of each order. Finally, Section 5 draws 
conclusions. 
2. Mathematical model 
The lateral vibration of the cable-guided hoisting system shown in Fig. 1(b) is investigated, 
where the length of the hoisting cable at time ݐ is ݈(ݐ) and the length of the guide cable is ܮ. The 
hoisting mass ݉ଵ is attached to the lower end of the hoisting cable and supported by two guide 
cables, in which the preloads are both ଴ܶ. The displacement of the upper end of the hoisting cable 
݁(ݐ)  denotes the external excitation in ݕ  direction that can arise from the eccentricity and 
misalignment of the head sheave. The hoisting cable has a translating velocity ݒ(ݐ) = ݈ሶ(ݐ) and 
acceleration ܽ(ݐ) = ݈ሷ(ݐ)  in ݔ  direction, where the overdot denotes time differentiation. The 
displacements ݕ(ݔ, ݐ) and ݕ௥(ݔ, ݐ) represent the lateral vibrations of the hoisting cable and the 
guide cables in the ݕ direction, respectively. For notational convenience, instead of ݕ௫(ݔ, ݐ) and 
ݕ௧(ݔ, ݐ),  ݕ௫  and ݕ௧  are used, and similar abbreviations are employed subsequently. The 
assumptions in Ref. [17] are considered. 
2.1. Equation of motion 
The kinetic and potential energies of the system are: 
௞ܶ =
1
2 න ߩଵ ൬
ܦݕ
ܦݐ൰
ଶ
݀ݔ
௟(௧)
଴
+ 12 ݉ଵ ൤
ܦݕ(݈(ݐ), ݐ)
ܦݐ ൨
ଶ
+ න ߩଶ ൬
߲ݕ௥
߲ݐ ൰
ଶ
݀ݔ
௅
଴
, (1)
௘ܸ = න ଵܶ(ݔ, ݐ)ߝଵ݀ݔ
௟(௧)
଴
+ 2 න ଶܶ(ݔ)ߝଶ݀ݔ
௅
଴
, (2)
where ߩଵ and ߩଶ are the linear density of the hoisting and guide cables, respectively. The terms 
ଵܶ(ݔ, ݐ) and ଶܶ(ݔ) are the tension at position ݔ of the cables and given as: 
൜ ଵܶ(ݔ, ݐ) = [݉ଵ + ߩଵ(݈(ݐ) − ݔ)][݃ − ܽ(ݐ)],
ଶܶ(ݔ) = ଴ܶ + ߩଶ݃(ܮ − ݔ). (3)
The strain ߝଵ and ߝଶ can be approximated as: 
ߝଵ =
1
2 ൬
∂ݕ
∂ݔ൰
ଶ
,   ߝଶ =
1
2 ൬
∂ݕ௥
∂ݔ ൰
ଶ
. (4)
Substitute Eqs. (1), (2) into the Hamilton’s principle: 
න ߜܮ
௧మ
௧భ
݀ݐ = න ߜ( ௞ܶ − ௘ܸ)
௧మ
௧భ
݀ݐ = 0. (5)
The lateral vibration of the hoisting cable is governed by: 
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ߩଵ
ܦଶݕ
ܦݐଶ −
∂
∂ݔ [ ଵܶ(ݔ, ݐ)ݕ௫] = 0, ൫0 < ݔ < ݈(ݐ)൯. (6)
The boundary conditions are obtained as: 
ݕ(0, ݐ) = ݁(ݐ),   (݉ଵ + ݉௘)
ܦଶݕ(݈(ݐ), ݐ)
ܦݐଶ + ଵܶ(ݔ, ݐ)ݕ௫(݈(ݐ), ݐ) + 2݇௘(ݐ)ݕ(݈(ݐ), ݐ) = 0, (7)
where the equivalent mass ݉௘ and stiffness ݇௘(ݐ) are expressed as: 
݉௘ =
2
3 ߩଶܮ,   ݇௘(ݐ) =
଴ܶ + ߩଶ݃ܮ
݈(ݐ) +
଴ܶ
ܮ − ݈(ݐ). (8)
The governing Eq. (6) with time dependent boundary conditions Eq. (7) should be transformed 
into one with homogeneous boundary conditions [23]. The lateral displacement can be expressed 
in the form: 
ݕ(ݔ, ݐ) = ݕത(ݔ, ݐ) + ℎത(ݔ, ݐ). (9)
Setting: 
ℎത(0, ݐ) = ݁(ݐ),   ℎത(݈(ݐ), ݐ) = 0, (10)
yields the homogeneous boundary conditions for ݕത(ݔ, ݐ). It is reasonable to assume that the lateral 
displacement from excitation varies from ݁(ݐ) at the upper end of the hoisting cable to zero at the 
lower end uniformly. Thus, the absolute displacement ℎത(ݔ, ݐ)  is defined to be a first-order 
polynomial in ݔ and expressed as: 
ℎത(ݔ, ݐ) = ݁(ݐ) ൤1 − ݔ݈(ݐ)൨. (11)
By Eq. (9), Eqs. (6) and (7) become: 
ߩଵ(ݕത௧௧ + 2ݒݕത௫௧ + ݒଶݕത௫௫ + ܽݕത௫) − ௫ܶ(ݔ, ݐ)ݕത௫ − ܶ(ݔ, ݐ)ݕത௫௫ = ݂(ݔ, ݐ), (12)
(݉ଵ + ݉௘)
ܦଶݕത(݈(ݐ), ݐ)
ܦݐଶ + ଵܶ(ݔ, ݐ)ݕത௫(݈(ݐ), ݐ) + 2݇௘(ݐ)ݕത(݈(ݐ), ݐ) = 0, (13)
where ݂(ݔ, ݐ) = −ߩଵ൫ℎത௧௧ + 2ݒℎത௫௧ + ݒଶℎത௫௫ + ܽℎത௫൯ + ௫ܶ(ݔ, ݐ)ℎത௫ + ܶ(ݔ, ݐ)ℎത௫௫. 
2.2. Natural frequency 
Considering ݕത(0, ݐ) = 0, the dynamic response of the hoisting system is approximated by the 
expansions [14]: 
ݕത(ݔ, ݐ) = ෍ ݕത௡(ݔ, ݐ)
௡
௜ୀଵ
= ෍ ܣsin ൬ ݓ௜ܿ(ݐ) ݔ൰ [ܥsin(ݓ௜ݐ) + ܦcos(ݓ௜ݐ)]
௡
௜ୀଵ
, (14)
where ݓ௜  are the natural frequencies of system and ܣ, ܥ, ܦ can be obtained by the initial and 
boundary conditions. 
Substitution of Eq. (14) into Eq. (13) yields one transcendental equation: 
[2݇௘(ݐ) − (݉ଵ + ݉௘)ݓ௜ଶ]sin(ߛ௜ݖ) + ݉ଵ݃ߛ௜cos(ߛ௜ݖ) = 0, (15)
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where ߛ௜(ݐ) = ݓ௜[݈(ݐ)]/ܿ(ݐ) . In general, the velocity of wave propagation ܿ(ݐ)  in the wave 
equation derived from the string model with constant tension ௖ܶ is ඥ ௖ܶ/ߩଵ, however, in most cases 
of the cable-guided hoisting system, the ratio of tensions at both ends of the hoisting cable varies 
from 1:1 to 3:1 or even higher during the whole winding cycles. Thus, the velocity ܿ(ݐ) need to 
be improved to apply to the time-dependent tension. In a micro length Δݔ, the tension can be 
considered to be constant and the propagation time is Δݔ ඥ ଵܶ(ݔ, ݐ) ߩଵ⁄⁄ . In order to ensure that 
the total propagation time is unchanged, ܿ(ݐ) is modified as: 
ܿ(ݐ) = ݈(ݐ) ቈන 1 ඥ ଵܶ(ݔ, ݐ) ߩଵ⁄⁄ ݀ݔ
௟(௧)
଴
቉ൗ , (16)
where the main tension is given by Eq. (3). 
An accurate method of solving the natural frequencies of an elevator system is presented in 
Ref. [13], and the frequencies from both methods will be compared in the following. Although the 
method widely used in the elevator system is also applied to the cable-guided hoisting system in 
calculating the natural frequencies and the overall responses, it cannot obtain the real response of 
each order, which is necessary for the vibration control. 
2.3. Spatial discretization 
Galerkin method is employed to discretize the partial differential Eq. (12) into a set of ordinary 
differential equations, and the solution for ݕത(ݔ, ݐ) can be approximated in the form: 
ݕത(ݔ, ݐ) = ෍ sin ൤ ݓ௜ܿ(ݐ) ݔ൨ ݍ௜(ݐ)
௡
௜ୀଵ
= ෍ ௜ܷ(ݔ, ݐ)ݍ௜(ݐ)
௡
௜ୀଵ
, (17)
where ݍ௜(ݐ) are the generalized coordinates and ݊ is the number of included modes. 
The partial derivatives of ݕത(ݔ, ݐ) with respect to ݔ and ݐ are: 
ݕത௫(ݔ, ݐ) = ෍ ௜ܷ௫(ݔ, ݐ)ݍ௜(ݐ)
௡
௜ୀଵ
, ݕത௫௫(ݔ, ݐ) = ෍ ௜ܷ௫௫(ݔ, ݐ)ݍ௜(ݐ)
௡
௜ୀଵ
,
ݕത௧(ݔ, ݐ) = ෍ ൤ ௜ܷ(ݔ, ݐ)ݍሶ௜(ݐ) + ௜ܷ௪(ݔ, ݐ)
݀ݓ௜
݀ݐ ݍ௜(ݐ)൨
௡
௜ୀଵ
, 
ݕത௫௧(ݔ, ݐ) = ෍ ൤ ௜ܷ௫(ݔ, ݐ)ݍሶ௜(ݐ) + ௜ܷ௪௫(ݔ, ݐ)
݀ݓ௜
݀ݐ ݍ௜(ݐ)൨
௡
௜ୀଵ
, 
ݕത௧௧(ݔ, ݐ) = ෍ ൤ ௜ܷ(ݔ, ݐ)ݍሷ௜(ݐ) + 2 ௜ܷ௪(ݔ, ݐ)
݀ݓ௜
݀ݐ ݍሶ௜(ݐ) +
௡
௜ୀଵ
 
      + ቆ ௜ܷ௪௪(ݔ, ݐ) ൬
݀ݓ௜
݀ݐ ൰
ଶ
+ ௜ܷ௪(ݔ, ݐ)
݀ଶݓ௜
݀ݐଶ ቇ ݍ௜(ݐ)቉.
(18)
The derivatives of the natural frequencies ݓ௜  with respect to ݐ  are obtained through 
differentiation of the boundary condition Eq. (7), and are calculated as: 
݀ݓ௜
݀ݐ = −
ܿ ⋅ cosଶ ቀݓ௜݈ܿ ቁ
݀݇(ݐ)
݀ݐ tan ቀ
ݓ௜݈ܿ ቁ + ݒݓ௜[݇(ݐ) − ݓ௜ଶ(݉ଵ + ݉௘)]
ܿ ⋅ cosଶ ቀݓ௜݈ܿ ቁ ൤
݉݃
ܿ − 2ݓ௜ tan ቀ
ݓ௜݈ܿ ቁ (݉ଵ + ݉௘)൨ + ݈[݇(ݐ) − ݓ௜ଶ(݉ଵ + ݉௘)]
, (19)
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݀ଶݓ௜
݀ݐଶ = −
൮
ܿ ቈ݀
ଶ݇(ݐ)
݀ݐଶ − 2 ቀ
݀ݓ௜݀ݐ ቁ
ଶ
(݉ଵ + ݉௘)቉ tan ቀݓ௜݈ܿ ቁ cosଶ ቀ
ݓ௜݈ܿ ቁ
+ ቀܽݓ௜ + ݒ ݀ݓ௜݀ݐ ቁ [݇(ݐ) − ݓ௜ଶ(݉ଵ + ݉௘)]
൲
൤݉݃ − 2ݓ௜ܿtan ቀݓ௜݈ܿ ቁ (݉ଵ + ݉௘)൨ cosଶ ቀ
ݓ௜݈ܿ ቁ + ݈[݇(ݐ) − ݓ௜ଶ(݉ଵ + ݉௘)]
  
      +
2 ቀ݈ ݀ݓ௜݀ݐ + ݒݓ௜ቁ ൤
1
ܿ ቀ݈
݀ݓ௜݀ݐ + ݒݓ௜ቁ cosିଵ ቀ
ݓ௜݈ܿ ቁ + 1൨ ൤݇(ݐ) − 2
݀ݓ௜݀ݐ ݓ௜(݉ଵ + ݉௘)൨
൤݉݃ − 2ݓ௜ܿtan ቀݓ௜݈ܿ ቁ (݉ଵ + ݉௘)൨ cosଶ ቀ
ݓ௜݈ܿ ቁ + ݈[݇(ݐ) − ݓ௜ଶ(݉ଵ + ݉௘)]
,  
(20)
where: 
݀݇(ݐ)
݀ݐ = −2 ቈ
ݒ( ଴ܶ + ߩଶ݃ܮ)
݈ଶ(ݐ) +
ݒ ଴ܶ
[ܮ − ݈(ݐ)]ଶ቉,
݀ଶ݇(ݐ)
݀ݐଶ = −2 ቈ
ܽ( ଴ܶ + ߩଶ݃ܮ)
݈ଶ(ݐ) −
ܽ ଴ܶ
[ܮ − ݈(ݐ)]ଶ −
2ݒଶ( ଴ܶ + ߩଶ݃ܮ)
݈ଷ(ݐ) −
2ݒଶ ଴ܶ
[ܮ − ݈(ݐ)]ଷ቉.
(21)
Substituting Eqs. (18)-(22) into Eq. (12), multiplying the equation by ௝ܷ(ݔ, ݐ) and integrating 
it from ݔ = 0 to ݈(ݐ) yields the discretized equation as follows: 
ۻ(ݐ)ܙሷ (ݐ) + ۱(ݐ)ܙሶ (ݐ) + ۹(ݐ)ܙ(ݐ) = ۴(ݐ), (22)
where ۻ(ݐ), ۱(ݐ), ۹(ݐ) and ۴(ݐ) are the mass, damping, stiffness matrices, and the force vector, 
respectively. Entries of the matrices and the force vector are formulated as: 
ܯ௜௝ = ߩଵ න ௜ܷ(ݔ, ݐ)
௟
଴
௝ܷ(ݔ, ݐ)݀ݔ, 
ܥ௜௝ = 2ߩଵ න ൤ ௜ܷ௪(ݔ, ݐ)
݀ݓ௜
݀ݐ + ݒ ௜ܷ
௫(ݔ, ݐ)൨
௟
଴
௝ܷ(ݔ, ݐ)݀ݔ, 
ܭ௜௝ = ߩଵ න ቈ ௜ܷ௪௪(ݔ, ݐ) ൬
݀ݓ௜
݀ݐ ൰
ଶ
+ ௜ܷ௪(ݔ, ݐ)
݀ଶݓ௜
݀ݐଶ + 2ݒ ௜ܷ
௪௫(ݔ, ݐ) ݀ݓ௜݀ݐ
௟
଴
 
       +ݒଶ ௜ܷ௫௫(ݔ, ݐ) + (݃ + ܽ) ௜ܷ௫(ݔ, ݐ) ௝ܷ(ݔ, ݐ)൧݀ݔ 
       − න [݉ଵ + ߩଵ(݈(ݐ) − ݔ)]݃ ௜ܷ௫௫(ݔ, ݐ)
௟
଴
௝ܷ(ݔ, ݐ)݀ݔ, 
ܨ௝ = −ߩଵ න [ℎ௧௧(ݔ, ݐ) + 2ݒℎ௫௧(ݔ, ݐ) + (݃ + ܽ)ℎ௫(ݔ, ݐ)]
௟
଴
௝ܷ(ݔ, ݐ)݀ݔ. 
(23)
3. Energy and rate of change in energy 
The energy of lateral vibration is: 
ܧ௟(ݐ) = න ߝ௟(ݔ, ݐ)
௟(௧)
଴
݀ݔ + 12 ൝(݉ଵ + ݉௘) ቈ
ܦݕ(݈, ݐ)
ܦݐ ቉
ଶ
+ 2݇௘(ݐ)ݕଶ(݈, ݐ)ൡ, (24)
where: 
ߝ௟(ݔ, ݐ) =
1
2 ቊߩ ൤
ܦݕ(ݔ, ݐ)
ܦݐ ൨
ଶ
+ ଵܶ(ݔ, ݐ)ݕ௫ଶ(ݔ, ݐ)ቋ, (25)
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is the energy density associated with the lateral vibration of the hoisting cable. 
Substituting Eqs. (9) and (17) into Eq. (25) yields the discretized expression of the vibration energy: 
ܧ௟(ݐ) =
1
2 [ܙሶ
்(ݐ)ۻ૚(ݐ)ܙሶ (ݐ) + ܙሶ ்(ݐ)۱૚(ݐ)ܙ(ݐ) + ܙ்(ݐ)܁(ݐ)ܙ(ݐ)] 
      +۾்(ݐ)ܙሶ (ݐ) + ܀்(ݐ)ܙ(ݐ) + ܹ(ݐ), 
(26)
where: 
ܯ1௜௝ = ߩଵ න ௜ܷ
௟
଴
(ݔ, ݐ) ௝ܷ(ݔ, ݐ)dݔ + (݉ଵ + ݉௘) ௜ܷ(݈, ݐ) ௝ܷ(݈, ݐ),
ܥ1௜௝ = 2ߩଵ න [ ௜ܷ௪(ݔ, ݐ)
݀ݓ௜
݀ݐ + ݒ ௜ܷ
௫(ݔ, ݐ)]
௟
଴
௝ܷ(ݔ, ݐ)݀ݔ 
       +2(݉ଵ + ݉௘) ൤ ௜ܷ௪(݈, ݐ)
݀ݓ௜
݀ݐ + ݒ ௜ܷ
௫(݈, ݐ)൨ ௝ܷ(݈, ݐ), 
௜ܵ௝ = ߩଵ න ቈ൬
݀ݓ௜
݀ݐ ൰
ଶ
௜ܷ௪(ݔ, ݐ) ௝ܷ௪(ݔ, ݐ) + 2ݒ
݀ݓ௜
݀ݐ ௜ܷ
௫(ݔ, ݐ) ௝ܷ௪(ݔ, ݐ)
௟
଴
 
      +ݒଶ ௜ܷ௫(ݔ, ݐ) ௝ܷ௫(ݔ, ݐ)൧݀ݔ + න [݉ଵ + ߩଵ(݈ − ݔ)]݃ ௜ܷ௫
௟
଴
(ݔ, ݐ) ௝ܷ௫(ݔ, ݐ)݀ݔ 
      +2݇௘(ݐ) ௜ܷ(݈, ݐ) ௝ܷ(݈, ݐ) + (݉ଵ + ݉௘) ቈ൬
݀ݓ௜
݀ݐ ൰
ଶ
௜ܷ௪(݈, ݐ) ௝ܷ௪(݈, ݐ) 
      +2ݒ ݀ݓ௜݀ݐ ௜ܷ
௫(݈, ݐ) ௝ܷ௪(݈, ݐ) + ݒଶ ௜ܷ௫(݈, ݐ) ௝ܷ௫(݈, ݐ)൨, 
௜ܲ = ߩଵ න [ℎ௧(ݔ, ݐ) + ݒℎ௫(ݔ, ݐ)] ௜ܷ(ݔ, ݐ)݀ݔ
௟
଴
+ (݉ଵ + ݉௘)[ℎ௧(݈, ݐ) + ݒℎ௫(݈, ݐ)] ௜ܷ(݈, ݐ), 
ܴ௜ = ߩଵ න ൜[ℎ௧(ݔ, ݐ) + ݒℎ௫(ݔ, ݐ)]
݀ݓ௜
݀ݐ ௜ܷ
௪(ݔ, ݐ) + ݒ[ℎ௧(ݔ, ݐ) + ݒℎ௫(ݔ, ݐ)] ௜ܷ௫(ݔ, ݐ)ൠ
௟
଴
݀ݔ 
     + න [݉ଵ + ߩଵ(݈ − ݔ)]݃ℎ௫(ݔ, ݐ) ௜ܷ௫
௟
଴
(ݔ, ݐ)݀ݔ 
     +(݉ଵ + ݉௘) ൜[ℎ௧(݈, ݐ) + ݒℎ௫(݈, ݐ)]
݀ݓ௜
݀ݐ ௜ܷ
௪(݈, ݐ) + ݒ[ℎ௧(݈, ݐ) + ݒℎ௫(݈, ݐ)] ௜ܷ௫(݈, ݐ)ൠ, 
ܹ = ߩଵ2 න [ݒ
ଶℎ௫ଶ(ݔ, ݐ) + 2ݒℎ௫(ݔ, ݐ)ℎ௧(ݔ, ݐ) + ℎ௧ଶ(ݔ, ݐ)]݀ݔ
௟
଴
 
      + න [݉ଵ + ߩଵ(݈ − ݔ)](݃ − ܽ)ℎ௫ଶ(ݔ, ݐ)݀ݔ
௟
଴
 
      + (݉ଵ + ݉௘)2 [ݒ
ଶℎ௫ଶ(݈, ݐ) + 2ݒℎ௫(݈, ݐ)ℎ௧(݈, ݐ) + ℎ௧ଶ(݈, ݐ)]. 
(27)
In order to probe deeply into the stability characteristics of the cable-guided hoisting system, 
Lyapunov’s second method is utilized. The stability of the system can be determined by the time 
derivative of the energy ܧ௟(ݐ). The system is stable if ݀ܧ௟(ݐ)/݀ݐ is always negative, otherwise 
unstable. The rate of change in the vibration energy in Eq. (25) with the control volume approach 
is obtained by differentiating Eq. (25) and using Leibnitz’s formula: 
ܧሶ௟(ݐ) = න
߲ߝ௟(ݔ, ݐ)
߲ݐ
௟(௧)
଴
݀ݔ + ݒߝ௟(݈, ݐ) + (݉ଵ + ݉௘)
ܦݕ(݈, ݐ)
ܦݐ
ܦݕଶ(݈, ݐ)
ܦݐଶ
      +2݇௘(ݐ)ݕ(݈, ݐ)
ܦݕ(݈, ݐ)
ܦݐ .
(28)
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Use of the governing Eq. (12) and application of the integration by parts yields: 
ܧሶ௟(ݐ) =
ߩଵݒ
2 [ݕ௧(0, ݐ) + ݒݕ௫(0, ݐ)]
ଶ − ݒ2 ܶ(0, ݐ)ݕ௫
ଶ(0, ݐ) − ܶ(0, ݐ)ݕ௫(0, ݐ)ݕ௧(0, ݐ) 
      +ݒܶ(݈, ݐ)ݕ௫ଶ(݈, ݐ) −
ሶܽ
2 න [݉ଵ + ߩଵ(݈ − ݔ)](݃ − ܽ)ݕ௫
ଶ(ݔ, ݐ)
௟
଴
݀ݔ. 
(29)
The first and fourth terms on the right hand are positive and negative definite during downward 
(ݒ > 0) and upward (ݒ < 0) movement of the cable, respectively. The second term is negative and 
positive definite during downward and upward movements, competing with the effect of the fourth 
term. The last term indicates that a positive and negative jerk has a stabilizing and destabilizing 
effect, respectively.  
Similar to Eq. (27), the discretized expression of Eq. (30) is derived: 
ܧሶ௟(ݐ) = ܙ୘(ݐ)۰(ݐ)ܙ(ݐ) + ۲(ݐ)ܙ(ݐ) + ܪ(ݐ), (30)
where: 
ܤ௜௝ =
ߩଵݒଷ
2 ௜ܷ
௫(0, ݐ) ௝ܷ௫(0, ݐ) −
ݒܶ(0, ݐ)
2 ௜ܷ
௫(0, ݐ) ௝ܷ௫(0, ݐ) + ݒܶ(݈, ݐ) ௜ܷ௫(݈, ݐ) ௝ܷ௫(݈, ݐ) 
      − ሶܽ2 න ܶ(ݔ, ݐ) ௜ܷ
௫(ݔ, ݐ) ௝ܷ௫(ݔ, ݐ)݀ݔ
௟
଴
, 
ܦ௜ = [ߩଵݒଶ − ܶ(0, ݐ)][ℎ௧(0, ݐ) + ݒℎ௫(0, ݐ)] ௜ܷ௫(0, ݐ) + 2ݒℎ௫(݈, ݐ)ܶ(݈, ݐ) ௜ܷ௫(݈, ݐ) 
      − ሶܽ න ℎ௫(ݔ, ݐ)ܶ(ݔ, ݐ) ௜ܷ௫(ݔ, ݐ)݀ݔ
௟
଴
, 
ܪ = ߩଵݒ2 [ݒ
ଶℎ௫ଶ(0, ݐ) + ℎ௧ଶ(0, ݐ) + 2ݒℎ௧(0, ݐ)ℎ௫(0, ݐ)] − ܶ(0, ݐ)ℎ௧(0, ݐ)ℎ௫(0, ݐ) 
      − ݒ2 ܶ(0, ݐ)ℎ௫
ଶ(0, ݐ) + ݒܶ(݈, ݐ)ℎ௫ଶ(݈, ݐ) −
ሶܽ
2 න ℎ௫
ଶ(ݔ, ݐ)ܶ(ݔ, ݐ)݀ݔ
௟
଴
. 
(31)
4. Results and discussion 
Numerical simulations are applied to the cable-guided hoisting system, the parameters of 
which are as follows: ߩଵ = 1.8 kg/m, ߩଶ = 1 kg/m, ݉ଵ = 530 kg, ܮ = 395 m and ଴ܶ = 3×104 N. 
The downward movement profiles are plotted in Fig. 2, where the maximum velocity and 
acceleration are 6 m/s and 0.75 m/s2, respectively. The initial length of the hoisting cable ݈(0) is 
5 m and the external excitation is given by ݁(ݐ) = 0.02sin(ߨݐ) m. The total simulation time is 
73 s and the time step size is 0.01 s. 
 
a) Displacement ݈(ݐ)  b) Velocity ݒ(ݐ)  c) Acceleration ܽ(ݐ) 
Fig. 2. Downward movement profiles 
4.1. Analysis of frequency 
The boundary condition Eq. (7) can be used to predict and analyze the important resonance 
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phenomena. As is shown in Fig. 3, the first six natural frequencies of the hoisting system are 
calculated from three different approaches and the horizontal line denotes the external excitation 
frequency. Note that there are significant differences between the modified ܿ(ݐ) and the constant 
ܿ , while the frequencies obtained by the modified ܿ(ݐ)  are in excellent agreement with that 
calculated by the approach presented in Ref. [13]. Therefore, the modified ܿ(ݐ) is suitable for the 
hoisting system with time-varying length and can be used in Eq. (17). 
 
Fig. 3. The first six order natural frequencies with length increment 
 
Fig. 4. Comparison of natural frequencies between the cable-guided and rail-guided hoisting systems 
When the equivalent stiffness ݇௘(ݐ) in Eq. (8) is increased to infinity (i.e., ݇௘(ݐ) = 108 N/m) 
and keeps constant, the cable-guided hoisting system can be considered as the rail-guided one, 
such as an elevator system, because the guide cable looks like the rigid guide rail. Therefore, the 
lateral frequencies of the rail-guided hoisting system are calculated by the approach in Ref. [13] 
to compare with those of the cable-guided hoisting system. As is shown in Fig. 4, in the rail-guided 
hoisting system the frequencies decrease with the increasing length of the hoisting cable, however, 
in the cable-guided hoisting system the frequencies first decrease, and then increase with the 
increase of length. Obviously, the difference on the trend results from the lateral stiffness of the 
guide. While the lateral stiffness of the rail guide is constant, the stiffness of the cable guide is 
time-varying and shaped like the letter “U”. In other words, the lateral stiffness defined by Eq. (8) 
becomes larger and larger when ݈(ݐ) approaches to 0 or ܮ  from ܮ/2. Essentially, the system 
frequencies in the cable-guided hoisting system can be decomposed into the frequencies of the 
hoisting cable and that of the mass supported by the cable guides. In particular, there are two 
neighboring resonance zones in the sixth order frequency. 
4.2. Lateral response 
The lateral displacements of the hoisting mass and the cable particle located at  
ݔ = ݈(ݐ) − 30 m are calculated using Newmark-ߚ method with the mode number ݊ = 20 and 
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shown in Fig. 5. For the time history response of the hoisting mass in Fig. 5(a), it is reasonable 
that the lateral displacement first increases and then decreases due to the effect of the time-varying 
stiffness. For the displacement of the cable particle in Fig. 5(b), the reason why the displacement 
is zero at the beginning is that the particle in the hoisting cable has not been reeled out until 8.17 s. 
 
a) 
 
b) 
Fig. 5. The lateral displacements of a) the hoisting mass and b) the cable particle 
 
 
 
Fig. 6. Plots of the generalized coordinates 
In the cable-guided hoisting system, the natural frequencies slowly vary with the length of the 
hoisting cable and are widely spaced, thus, there are many resonance zones during downward 
movement. It is important to investigate the role of each order in the total response in order to 
control the vibration. Because in the rail-guided hoisting system the geometric matching condition 
are ݕത(0, ݐ) = 0 and ݕത(݈, ݐ) = 0, the AMM, where the trial functions happen to be the real mode 
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functions [13], can obtain not only the overall response but also the response of each order. 
However, in the cable-guided hoisting system the trial function cannot satisfy the force balance 
relation in the boundary condition Eq. (7), which results in the shortcoming of the AMM in 
obtaining the response of each order. The generalized coordinates are obtained by solving the 
equation of motion Eq. (23) with the real mode functions, as shown in Fig. 6. It is evident that 
each generalized coordinate corresponds to the specific resonance location shown in Fig. 3. 
Particularly, in Fig. 6 there are two resonances in ݍ଺(ݐ), which corresponds to the sixth order 
frequency in Fig. 3. In addition, one can notice that the amplitude of each generalized coordinate 
has the same order of magnitude. 
4.3. Energy characteristics 
Substituting the generalized coordinates ݍ௜(ݐ) obtained from Eq. (23) into Eqs. (27) and (31) 
yields the energy and the rate of change in the energy under the external excitation, as shown in 
Fig. 7. 
 
a) 
 
b) 
Fig. 7. a) The energy and b) the rate of change in the energy 
In order to determine the stability of the cable-guided hoisting system, the free vibration is 
investigated. Considering the distributed initial displacement ݕ(ݔ, 0) = 0.01sin(ݔߨ/݈) m and 
setting the excitation ݁(ݐ) = 0 yields the rate of change in the energy, as shown in Fig. 8. 
 
a) 
 
b) 
Fig. 8. The rate of change in the energy during a) downward and b) upward movements 
Fig. 8 shows that the rate of change in the energy is always negative and positive during 
downward and upward movements, respectively. According to Lyapunov’s second method, the 
cable-guided hoisting system experiences stability and instability during downward and upward 
movements, respectively, which is consistent with the rail-guided hoisting system. 
5. Conclusions 
In this study, the lateral response of a moving hoisting conveyance guided by cables with both 
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ends fixed is investigated. The equation governing the lateral vibration of the cable-guided 
hoisting system is established by Hamilton’s principle and transformed into a set of ordinary 
differential equations through the Galerkin method. Further, the rate of change in the energy is 
derived from the control volume viewpoint. The following conclusions could be drawn: 
1) The natural frequencies of the cable-guided hoisting system are calculated from the 
boundary conditions with the modified velocity of wave propagation ܿ(ݐ) and then compared with 
other two approaches. The excellent agreement with the exact solution indicates that the modified 
ܿ(ݐ) is reasonable and suitable for the hoisting system with time-varying length and can be 
employed in the mode functions. Comparing the cable-guided hoisting system with the  
rail-guided, it is observed that the natural frequencies in the former first decrease and then increase 
with the increase of length while the frequencies in the latter gradually decrease. 
2) When the external excitation frequency coincides the slowly varying frequencies of the 
cable-guided hoisting system, the lateral resonances occur during downward movement, which is 
validated by the response of each order obtained by the presented method. There are two 
resonances in the sixth order response and the amplitudes of the first six generalized coordinates 
have the same order of magnitude. 
3) The cable-guided hoisting system experiences stability and instability during downward and 
upward movements, respectively, which is the same as the rail-guided hoisting system. 
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